We describe class number relations between certain pairs of algebraic number fields, both of the same degree over the rational numbers. This relationship is discussed in great detail when the common degree is equal to 4. Some numerical results are given in this case.
W_: the group of roots of unity of the field _.
G( / ): Galois group of the extension ( / ).
3. The Main Result. Our primary goal is to prove the following theorem which establishes a relation between the congruences hiKx) = 0 (mod /) and h(K2) = 0 (mod /). Theorem 1. The prime number I divides h(K2) if and only if I divides h(Kx) or xl = e mod(l-f)' is solvable in K for some unit e of Kx which is not an Ith power.
Taking / = 3 and L = Q gives Theorem 6 of Herz [4] . Letting I = 5, L = ß(\/5) and Kx = L(\/m) gives Theorem 5 of Parry [7] .
We now begin the proof of the main theorem. gives a = aT so that a' G A'j, and a is uniquely determined up to a factor y of K2. If a' is a unit of A'j, then Theorem 1 of Parry [8] shows that a21 = cop, where co E K2 is a root of unity and p E L is a unit. Since K2 =£ K3, co" = 1 where (n, I) = 1.
Replacing a with a2", p with p" and f with f2" gives that a' = p, a unit of L and
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use hence of A'j. This means that M = Kx(a) = Kx(i/p) and so M/Kx is a nonnormal extension, contrary to hypothesis. Thus, a1 is not a unit of K2.
Because Af(f) = L(^/al) is an unramified extension of A', a prime ideal iß of A' can divide (a!) if and only if iß' divides (a1). Since a1 EK2, a prime ideal p of K2 will divide (a') if and only if pl divides (a'). Since we may assume a' is not divisible by an /th power of any integer of K2 (except units), it follows that (a1) = (px ■ • ■ pt)1 where px • ■ ■ pt is a nonprincipal ideal of K2 whose /th power is principal. Thus, / divides h(K2).
Assume now that / divides h(K2). By reversing the roles of A'j and K2 in the first part of the proof we have that M/K2 is an abelian unramified extension of degree / and M(Ç) = K(a) with a' E Kx. If a' is not a unit of Kx, then it follows as above that / divides h(Kx). Assume a1 = e is a unit of A'j, and let Q in K be a prime divisor of (1 -f)-If Ca||(l -f), then Satz 119 of Hecke [3] shows that x' = e (rnodC') has a solution x E K. Since C was an arbitrary prime divisor of (1 -f), it follows by use of the Chinese Remainder Theorem that x' = e mod(l-r)' has a solution x E K.
The final portion of Theorem 1 will be proved as a corollary to the following theorem.
Theorem 2. For some integer t with -1 < t < 3, Before proving this theorem, we need some technical results. For more details and definitions, we refer the reader to Walter [9] , [10] . Let F0 C Fx C F2 be a tower of algebraic number fields. Define Ut = [e E £P \e" E Er, for some n E Z, n =£ 0} and /(£j/£0) = (£Fi n U*0. WPiEFo). Proof. The first assertion is immediate from Lemma A. We divide the proof of the second assertion into three cases. Corollary 1. /// divides h(Kx) or x' = e mod(l -f)' is solvable in K for some unit e of Kx, which is not an ¡th power, then I divides h(K2).
Proof. If I divides h(Kx), then Theorem 1 applies to give the desired result. Assume / does not divide h(Kx) and that xl = e mod(l -f)' is solvable for some unit e of Aj which is not an /th power in Kx. Satz 119 of Hecke [3] shows that K(*ife~) is an abelian unramified extension of A of degree /. Thus, l\h(K). By assumption / divides neither h(Kx) nor h(K3). Theorem 2 shows l\h(K2). is solvable, so is x5 = E'E"S = ±E~SE' (mod 5p5).
Thus
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use x5=El-sE'l+s (mod5p5) is solvable. Since s = ± 1, this leads us back to (7) . Finally, assume s = ±2 or equivalent^ s = 2 or s = 3. A computer analysis shows that ££'3 = ± 1 or ± 7 (mod 5ps) exactly when condition (2) is satisfied and that ££'2 = ±1 or ±7 (mod 5ps) exactly when conditions (3) or (4) We now obtain a simpler criterion for conditions (1)- (4) 
